PROPAGATION OF PLANE SURFACE WAVES OVER A
RECTANGULAR STEP WITH OVERHANG AND OVER A PARTTALLY
CAPPED RECTANGULAR TRENCH

I. V. Sturova UDC 532.59

The scattering of surface waves by various bottom irregularities is a classical problem
in wave hydrodynamics. However, obstacles with shadow zones, where the shape of the irregu-
larity is a multiple-valued function of the horizontal coordinates, have not been considered
to date. For our investigation we have chosen the simplest bottom irregularities shape: a
step with an overhang, and a partially capped trench. We consider the plane potential wave
motion of a ideal incompressible fluid in the linear problem. We investigate the influence
of the bottom geometry on the characteristics of the reflected and transmitted waves and on
the kinetic energy of the fluid in the pocket formed in the bottom. To solve the method
numerically, we use the method of integral matching along vertical segments partitioning the
entire flow region into rectangular subregions. This method has been used to investigate the
action of waves on an underwater rectangular obstacle [1] and in application to an ordinary
rectangular trench [2, 3], in one case [3] where a denser fluid layer is situated inside the
trench. The propagation of waves over a step has also been investigated [4] using the conven-
tional matching technique.

1. Let a fluid occupy a domain S bounded by a free surface and a rigid impenetrable
bottom. In the case of a step, H; is the depth of the fluid to the left of it, H, is the
depth to the right (H, > H;), and £ is the length of the horizontal, rigid, infinitely thin
overhang AB (Fig. la). The coordinate system is chosen so that the x axis coincides with
the unperturbed level of the free surface, and y passes through the end of the overhang
(point B) and is directed upward. The motion of the ¥luid is assumed to be potential every-
where except at corner points, in the neighborhood of which the velocity goes to infinity of
the order r(9-T)/(27-8) (r is the distance from the corner point, and 8 is the angle for a
rigid body).

The incident waves propagate in the positive x direction from the shallow-water to the
deep-water part of the fluid and are described by the velocity potential d,(x, y, t) =

) __ iageh ko (y+H)) . .
bo(x, y) exp(—iot), where Qo= ———EEH;F;;———GXP(Maxx- a and ¢ are the amplitude and fre-

quency of the wave, and the wave number k; is determined from the equation

o = gk, th ke, H, (1.1)

(g is the acceleration of gravity). Here and in all other expressions containing the factor
exp(—iot), only the real part has physical significance.

We consider steady-state waves and seek the velocity potential of the total perturbed
flow in the form &(x, y, t) = ¢(x, ylexp(—iot). In order to determine the function ¢ (x, t),
it is necessary to solve the problem

Ap =0 (z, y = 5),
o — gdg/dy = 0 (y = 0), dq/on = (O (on the bottom contour) (1.2)
(n is the normal to the bottom line). The reflected and transmitted waves must satisfy the
radiation conditions in the limit [x| > e.

The problem (1.2) is solved by a matching technique similar to the one used in [3]1.
The region S is partitioned into three rectangular subregions: S, = [~ <x <0, H; <y <
0]; S, = [0 < x < », ~H, <y <0]; S3 =[-2 <x <0, -H, <y <-H;l; in the j-th subregion
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(j =1, 2, 3) the function ¢(x, y) is denoted by ¢i(x, y). Since the motion of the fluid is
continuous in S, conditions are established at the boudnaries of the subregions S; for
matching of the pressure and the horizontal velocity along the vertical line x = 3; it follows
from these conditions that

P = @y, 6q>1/6:c =
= 0py/oz (—H,; < y < 0),
Pz = @y, 0%/0:: =
=09y/0z (—H<y<— H). (1.3)

Invoking the separation of variables, we seek the functions ¢ in the form of expansions in
eigenfunctions of the corresponding boundary-value problems:

P = @ + Ay exp (— ikyz) Y.(@) + n§1 Ap exp (kynx) Yin (¥)s (1.4)
@y = By exp (ikyx) Yo (y) + n§1 B exp (— k) Yon (y)s
@3=Cyo+ 2 Crn 08P (y + Hy)chPm(z+ ).
m=1

Here fp = mw/h, h = H, — H;, and k;, (n =1, 2, ...) are the roots of the equation

o = —gk tgkH,. _ (1.5)

The quantities k, and k,, are determined from Eqs. (1.1) and (1.5) with H, replaced by H,.
The eigenfunctions Y, Y, and Y,, Y,, are orthogonal and are normalized as follows:

0
M= | ok + ) @,
_Hi
0
cosk  (v-+H
Y1) = ~—7‘X_———l A= | costhn(y + Hy)dy,
in '_Hi
ch k2 (y + Hz)

0
Y,(y)= —VKT——, A= j' ch?k, (y + H,)dy,
2 —~H,

2

1]
cosk,, (v H,
Y21’l (y) = -'.EV'L'E—\—‘_—z')y Agn = j cos? kzn (y -+ Hz) dy.
2n

_H2
The reduction method is used to replace the infinite series in Egs. (1.4) by finite
sums with N and M terms, respectively. The unknown complex constants A,, B, and A,, B,, Cy

(n=1, ..., Ny m=1, ..., M) are determined from the matching conditions (1.3), which are
satisfied in the integral sense:
9 = —H; 5
, @
By = | L,y + [ Zev,ay,
“u -m

3 2
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ap aq,
"—kann= j‘ _axl‘Yany-l— 5 a—;andy (n=1’...,N)1

Hy —Hy ‘
9 o 0
A0= j Q)2Y1dy—— 5 %Y1d% Ay = S. ‘PzYmdy (n=11 ---,N)s

—Hy —H, —Hy
—Hy
2 j—

.Cm-——h—cm L 0 008Pm (¥ + H)dy (m=1,..., M) (1.6)

“H, -

[Ej denotes the finite sums in the corresponding series (1.4) of the function ¢j(0, v)l.

The integrals in Egqs. (1.6) are expressed in terms of elementary functions. The linear
system (1.6) of 2 + 2N + M equations is conveniently reduced to a system of 2 + 2N equations
by eliminating the constants Cy. The resulting system is solved numerically by the Gaussian
method.

The most interesting wave diffraction characteristics are the reflection coefficient R
and the transmission coefficient T, which are equal to the ratios of the amplitudes of the
reflected and transmitted waves, respectively, to the amplitude of the incident wave and,
according to Eq. (1.4), are given by the expressions

och k]H1
ag VA,

ochkH,

R —_
ag VA2

14, T= | By |-

We know from the general theory of the propagation of linear plane waves over a rough bottom
[5] that the following relation holds by the energy conservation law for a fluid whose depths
tends to constant values H, and H; in the limit x - o

S (kyH,)

Bt 50,1,

T2 =1, (1.7)

where S(z) = z(1 — tanh?z) + tanhz.

An approximate solution of the system (1.6) can be obtained for a plain step (& = 0) if
the infinite sums in the representation (l.4), i.e., nonpropagating waves, are disregarded
[2]. It is a simple matter to write out the solution of this problem and to determine the
coefficients

| 6,6 — kA A, o 2OA ch R,
=l _wral po L1 22,
kG +EA A, kG*+ kA A,

G = kyshkh/(k]— 2)-

(1.8)

In the linear wave approximation (k,H; - 0, k,H, > 0) Egs. (1.8) give the well-known
result R = (VH,/H, — 1) (1 + VH,/H;), T = 2/(1 + VH,/H;). The propagation of waves over an
infinite step is investigated in detail in {61.

The interesting characteristic of the wave motion in the case of a step with a water poc-
ket (2 # 0) is the kinetic energy of the fluid contained in the pocket. For the rectangular
subregion S, the kinetic energy, averaged over the wave period and normalized to the length h,
is given by the equation

—H,

2
o,

Ep= 5";\ ) 3a—:dy>=% 2 1Cnl Bonch Bl sh
) T

(p is the density of the fluid, the angle brackets denote time averaging, and the integration
is carried out at x = 0). The kinetic energy of the incidence wave, referred to its wave-
length A = 2n/k;, is Ey = pga?/4. We denote E = Ep/Ey.
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TABLE 1

Hi/k
N M 0,05 0,1 0,15 0,2

R E-102 R E-102 R E-102 R E-102

10 40 0,4601 13,333] 0,2851 | 1,866 | 0,4519 0,683 0,0797 0,251
15 30 0,4603 | 3,372 0,2858 }4,877 0,1534 0,695 0,0816 0,259
15 40 0,4603 13,387} 0,2858 11,884} 0,4535 0,699 0,0§17 0,261
15 40 0,4595 | 4,540 | 0,2826 |2,510] 0,1501 0,940 0,0793 0,346

The results of numerical calculations of E and the specific kinetic energy E for H,/H, =
10 are shown in Table 1 and in Fig. 2. Table 1 illustrates the convergence of the numerical
values as a function of the number terms retained in Eqs. (1.4) for &/H; = 10; the top three
rows correspond to the case in which the wave is incident on the step from the right, i.e.,
from the deep-water to the shallow-water part of the fluid (forward step); the last row
corresponds to the original statement of the problem (backward step). It has been shown [6]
that the reflection coefficients coincide for forward and backward steps when £ = 0. In the
given calculations this condition is valid within relative error limits of 2% if both steps
have the same value of %. The reflection coefficient is not as sensitive to variations of
N and M as the kinetic energy. Figures 2a and 2b show R and E, respectively, for %/H; = 0,
1, 5 (curves 1-3). The light circles and triangles give the values for a forward step, and
the dark symbols give the values for a backward step. The calculations are carried out for
N =15 and M = 40. The dashed curve corresponds to the approximation (1.8), which is obvious-
ly unacceptable for the given large difference in depths. The reflection coefficient and the
kinetic energy for the indicated parameters are almost invariant with a further increase in
the dimensions of the water pocket. The presence of this pocket has scarcely any influence
on the reflection coefficient for H,/H; < 2. As H, is increased, the maximum specific kinetic
energy for fixed values of £ and H; increases at first to approximately H,/H; & 10 and then
begins to decrease.

2. The flow diagram for wave propagation over a trench is shown in Fig. 1lb. The depth
of the fluid outside the trench is H;, the depth in the trench is H,, the length of its open
pore is L, the widths of the left and right water pockets are %, and %,, respectively, and
the total width of the trench is L + &; + %,. The vertical axis passes through the left end
of the open part of the trench. The incident wave travels from left to right. The flow
region 5 is partitioned into five rectangular subregions: S, = [~ < x <0, -H; <y < 0];
S, = {0 <x<L, H, <y<0]; S;=(L<x<eo, H <y<0];8, =[2; <x<0, H, <y<
-H;]; S5 = [L <x<L<¢,-H, <y < -H;]; solutions are sought in each subregion in a form
analogous to Egs. (1.4):

@y = @y + Ay exp (— ik,z) Y, (y) + 2 A exp (k1a2) Y 1n (),
n=1
¢y = [Dy exp (ik,z) + Fyexp (— ikyz)] Y,y +
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TABLE 2

T ’ E T l E T E T E

5 0,7728 0,2612 0,9845 | 0,4125 [ 0,9987 | 0,2734 | 0,9993 | 0,1357
10 0,7728 0,2634 0,9827 | 04148 | 0,9981 | 0,2740 | 0,9095 | 0,4359.
15 0,7726 0,2636 0,9823 | 0,4148 | 0,9979 | 0,2738 | 0,9995 | 0,4357
0,7725 — 0,9802 — 0,9974 — 0,9997 —
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+ 2 [Dnexp (kgnz) + Fr exp (— kan2)] Yon (9),

n=1

95 = Byexp () Y1) + 3 Baoxp (— k) Vin 1)

9= Co+ 2 CrmcosPu(y + Hi)chPm(z + 1)
m=1

¢y = Go + 2 GmcosPm (7 + Hy) chpm (L + Iy — 2).
me=] (2.1)

The solutions are matched at the vertical segments x = 0, x = L(-H, < y < 0). By analogy with
Sec. 1, the unknown constants in the representation of the solution for ¢, and ¢5 are expressed

in terms of the constants of the functions ¢;, ¢,, and ¢5. The original problem is ulti-
mately reduced to the solution of a system of linear algebraic equations of order 4 + 4N.

The convergence of the method for various numbers N is illustrated in Table 1 from [2] in the
example of calculations of the reflection and transmission coefficients for a plain trench

(2, = 25 = 0) for Hy/H; = 3 and L/H, = 10. These results are fully corroborated in the pre-
sent study.

An alternative method for the analysis of wave diffraction by a trench is given in [7].
A horizontal line segment separates the flow region two subregions: the trench proper and the
subregion of constant depth. The solutions are matched at this segment by the collocation
method. TIn the case of a partially capped trench, however, we run into the problem of the
stability of the numerical solution for certain parameters of the motion, because the flow
has singularities at the corner points (see Sec. 1), which are not essential in integral
matching. The error of calculation of the transmission coefficient and energy for several
values of N and H;/A is shown in Table 2 for H,/H, = 7.625, L/H, = 10.59, and &; = %, = 0;
the last row of the table gives data obtained in [7] for the transmission coefficient when
the maximum number of collocation points is 50. We see that the integral method already
vields satisfactory results for N = 10.

The kinetic energy of the fluid in the trench, averaged over the wave period and norma-
lized to the length of the "slot" L, is determined by analogy with [8]:
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Fig. 4

EP’ = 2_% \O By

The integration is carried out for y = —H;. A detailed investigation of the specific kine-
tic energy E for a plain trench [8] shows that it depends strongly both on the characteristics
of the incident wave and on the geometry of the trench.

’ f% 22 da:>.v

Several approximate methods are available for analyzing wave diffraction by a plain
trench. The rejection of nonpropagating waves in the expansions (2.1) gives the following
expressions for the reflection and transmission coefficients [2]:

R? = g/(1 4 ), T* = 1/(1 - o}, {(2.2)
a = [(y* — 1)¥4y?] sin® k,L, 9 = k,G* kA A,.

Letting k,H; » 0 and k,H, > 0, we obtain the long-wavelength approximation [2, 9] from Egs.
(2.2):

R = (V H/H, — VH,/H,) sin 8/d, T = 2/d,

(2.3)
0 = oL/\/gH,, d = l4cos? 0 - (VI H, + V HJH,)* sin? 0]V2,

A more accurate long-wavelength solution is given in [10], where the unknown characteristics
are expressed in terms of a single unknown parameter, which is determined numerically. The
various approximations have been analyzed and compared with the complete solution in [2],
where it is shown, in particular, that the approximation (2.2) gives sufficiently accurate
results for relatively small differences in the two depths.

In the small roughness approximation [(H, — H;)/H; << 1], according to [11],

2k, (i, — H,)|sin by |
2k H + sh 2k, H,

— 2(1{2"’1{1)”% 7
r= l/-“'[ %0, ¥ sh 2,1, | °

The energy conservation law (1.7), which has the form R? + T2 = 1 for the invstigated flow,
is not satisfied here. It has been shown [12] in the example of problems of surface wave
generation in a fluid with a rough bottom that the small roughness approximation is appli-
cable only for H,/H; < 1.2.

R =
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The dependence of the transmission and reflection coefficients on the wavelength of the
incident wave has been investigated in detail for a plain trench [2, 7, 8]. The interesting
feature of these dependences is the existence of so-called wave 'transparency'" (transmission)
windows, i.e., discrete values of A at which the reflection coefficient becomes very small,
and the transmission coefficient is close to unity. For the long-wavelength approximation
(2.3) this effect occurs at k==%§- gi'(n== 1, 2, ..).

2

The results of numerical calculations of the itransmission coefficient for a slotted
(partially capped on both sides) trench are given in Fig. 3 for H, = L = 15H,, N = 20, and
M ="40; curves 1-3 correspond to the following cases: 1) &, = &, = 0; 2) &; =0, %, = 10H;;
3) &, = &, = 10H,. TFor %&; = 10H; and %, = O the values of T coincide with curve 2. Curve 4
represents the approximate solution (2.2). In the presence of the water sockets S, and S,
the local minima of the reflection coefficient are smaller than in the case a plain trench,
and the positions of the extrema of curves 2 and 3 are shifted very slightly toward higher
frequencies. This behavior can be explained on the basis of the results of [13], in which it
is shown that the natural frequencies of any rectangular region with the same opening L in
the upper cap are slightly higher than the natural frequencies of a rectangular region of
width L fully open at the top.

Figure 4 shows the variations of the minimum of the transmission coefficient Ty(a) and
its position (H;/X)p (b) as functions of the depth of the trench H, for various values of L,
2,5 and %,. The groups of curves 1-4 correspond to L/H, = 5, 10, 15, 20. 1In each group,
the solid curve is given for 2; = &, = 0, the dashed curve for %, = £, = H;, and the dot-
dashed curve for %; = &, = 5H;. The dotted curve corresponds to the long-wave approximation
(2.3), for which

Tm = 2V HH(H, + Hy, (H/Mm = V HI/AL. (2.4)

We see that one of the governing parameters for wave propagation over a trench is the length
of its open part and that the greater this length, the greater is the range of depths H, for
which Eqs. (2.4) are valid. Beginning with a certain depth H, (which increases with L), a
further increase in the depth of the trench has scarcely any effect on the characteristics of
the wave motion. The influence of the water pockets is very weak for relatively small
lengths L (L/H; < 5) and increases slightly with L. The maximum decrease of Ty is not
very appreciable in this case and is already attained at %7, %, & 5H;. A further increase
in 2; or %, has little influence on the wave motion. The transmission coefficient becomes
equal to zero in the limit L, H, > =, which corresponds to an infinite step [6].

The variation of the specific kinetic energy trapped in the trench is shown in Fig. 5
for the same values of the parameters as in Fig. 3. Curves 1-3 are analogous to those in
Fig. 3, and curve 4 corresponds to £, = 10H, and %, = 0. We note that the distribution of E
depends very slightly on the parameters %, and %,. As remarked previously [8], the function
E has local maxima near the transparency windows. The occurrence of these maxima indicates
the resonance response of the trench to the incidence of waves having a certain wavelength.

The author thanks S. V. Sukhinin for discussing the results of this work.
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